ON THE CHABAUTY SPACE OF LOCALLY COMPACT 

ABELIAN GROUPS 



YVES CORNULIER 

Abstract. This paper contains several results about the Chabauty space of 
a general locally compact abelian group. Notably, we determine its topological 
dimension, we characterize when it is totally disconnected or connected; we 
characterize isolated points. 



1. Introduction 

Let X be a locally compact Hausdorff space. The set T(X) of closed subsets 
can be endowed with the Chabauty topology, which makes it a compact Hausdorff 
space. For this topology, a net (Yj) converges to Y if and only if (Y U {oo}) 
converges to YU{oo} in the Hausdorff topology of the one-point compactification 
of X. When X is second countable, F{X) is metrizable. See details in Paragraph 
12.11 If G is a locally compact group, the set S{G) of closed subgroups of G is 
closed in F{G) and therefore is compact Hausdorff as well. 

Introduced by Chabauty in [Chaj . the Chabauty topology has been studied in 
[HPl IPTol IPTl [T^II^ lFG^lBHKl iKlol IHIj , and more specifically for discrete 
groups in [Gril IChmj ICGPl ICGPab] . The fine study of S (G) is subtle even for 
apparently simple examples. While it is readily seen that S(TV) is homeomorphic 
to a segment, a tricky argument due to Hubbard and Pourezza [HP] shows that 
iS(R 2 ) is homeomorphic to the 4-sphere. For n > 3, 5(R n ) is known to be 
singular (i.e. not a topological manifold even with boundary) but Kloeckner [Klo] 
showed that iS(R n ) has a natural "stratification" which in particular makes it 
a simply connected and locally contractible space; however iS(R n ) has not yet 
unveiled all its mysteries and for instance it is still unknown whether it can be 
triangulated. Besides, Haettel [HaJ gave a full description of the space 5(R x Z), 
showing in particular that it is path-connected but not locally connected, and 
has uncountable fundamental group. 

Our first result, which underlies the proof of all others, is the continuity of 
the orthogonal map in Pontryagin duality. Let G be a locally compact abelian 
group. Under the topology of uniform convergence, the abelian group G v = 
Hom(G,R/Z) is locally compact, and the main result in Pontryagin duality is 
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that the natural homomorphism G — > (G v ) v is a topological group isomorphism. 
In Bourbaki |Bou[ Chap. II. 2], Pontryagin duality is used to deduce fundamental 
results in the structure theory on locally compact abelian groups. One of the 
results |Boul Chap. II. 1, no. 7] is that the orthogonal map 

S(G) ->• S(G V ) 

H ^ H x = {0 G Hom(G, R/Z) : <f>{H) = 0} 

is a bijection. 

Theorem 1.1. Let A be an abelian group and A = Hom(A, R/Z) its Pontryagin 
dual. Then the orthogonal map S(A) — > S(A), H — > H x , is a homeomorphism. 

We refer to this result as Pontryagin-Chabauty duality, and we develop con- 
sequences on the general structure of the space S(G). The next theorem deals 
with the topological (or covering) dimension, which is a (possibly infinite) in- 
teger number tdim(X) associated to any topological space X, invariant under 
homeomorphism, and for which tdim(R n ) = n for all n. See Paragraph 12.21 for 
details. 

Theorem 1.2 (Theorem 18. 7p . If G is any locally compact abelian group, then 
the topological (covering) dimension of S(G) is given by 

tdim(«S(G)) = tdim(G)tdim(G v ), 

where Ooo = ooO = 0. In particular, if G = R d x Z { x R/Z m then 

tdim(5(G)) = (d + £)(d + m). 

Several characterizations of tdim(G) and tdim(G v ) are recalled in Paragraph 
12.71 Theorem 11.21 is based on the non-trivial special case 

tdim(<S(R d )) = d 2 , 

which follows from Kloeckner's local description |Klo] . see Section [HJ 

If G is a locally compact abelian group, from classical theory it can be written 
as R fc x M so that M has a compact open subgroup; the finite number R{G) = k is 
uniquely defined (see Paragraph s. 5p . The following results bring out a dichotomy 
between the case R(G) = (i.e. G is compact-by-discrete) and the case R(G) > 1. 

Theorem 1.3 (Section[7j). Let G be a locally compact abelian group with R(G) > 
1. Then S(G) is connected. If moreover G is a Lie group and is compactly 
generated (i.e. G/Gq is finitely generated, where Gq is the unit component), then 
S{G) is path- connected. 

Nevertheless, Proposition [7]5] exhibits countable discrete abelian groups A such 
that S(R x A) is not path-connected. 
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Example 1.4. By Theorems II .21 and ll.3[ if G is a locally compact abelian group, 
then S(G) is both connected and one- dimensional if and only if G ~ HxH, where 
H is profinite-by- (discrete torsion). In many cases, like R x Q p , it also follows 
from Theorem 17.41 that S(G) is path-connected. It would be interesting to have 
a closer look into S(G) for those examples. 

If X is a totally disconnected compact Hausdorff space, we define iro(X) as 
the quotient of X by its partition by connected components. By [BouT} III. 4. 4, 
Proposition 7], 7r (X) is compact, Hausdorff and totally disconnected. Section 
studies locally compact groups G with R(G) = and more precisely the connected 
components of S(G). In particular we get 

Theorem 1.5. Let G be a locally compact abelian group with R(G) = 0. Then 

• 7Tq(S(G)) is infinite if and only if G is infinite; 

• every connected component of S(G) is homeomorphic to a compact group; 
if G is a compactly generated Lie group, these components are tori. 

• S(G) is totally disconnected if and only if G is either totally disconnected 
or elliptic (i.e. is the union of its compact subgroups). 

Also, Theorem 16.91 gives a structure result for locally compact abelian groups 
for which S(G)) has countably many components countable. We extract from it 

Theorem 1.6. Let G be a locally compact abelian group which is neither discrete 
nor compact. Then S(G) has (at most) countably many connected components if 
and only if one of the following condition holds 

• G = Qe x Z m x C n oo x F, where F is finite, £, m, n > 1, I is prime with 
mn; 

• G = KxDxF with D torsion-free discrete, K compact connected, F 
finite, and S(D) and S(K) are countable; 

• R(G) > I. 

Note that in the first case G is both elliptic and totally disconnected so S(G) 
is countable itself, while in the second case S(G) is not totally disconnected by 
Theorem 11.51 Note that the case when G is discrete (characterization of abelian 
groups with countably many subgroups) is done in |Boy| (see Proposition [6]8]) and 



the compact case follows by Pontryagin duality. Note that the proof of Theorem 
II .61 involves an intrinsic characterization of finite direct products of p-adic groups 
Q p (see Lemma 16.101) . 

The next result concerns isolated points. When G is a discrete abelian group, 
a necessary and sufficient condition for a subgroup H to be isolated in S(G) 
is that H is isolated in S(H) and {1} is isolated in S(G/H) (see for insytance 
[CGPab]). However when G is not assumed discrete, this condition obviously 
remains necessary but is not sufficient: for instance Z is not isolated in iS(R). 
The characterization of isolated points goes as follows (we refer to Paragraph 12.31 
for the definition of Artinian and adic groups) 
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Theorem 1.7. Let G be a locally compact abelian group and H a closed subgroup. 
Then H is an isolated point in S(G) if and only if we are in one of the two (dual 
to each other) cases 

(1) H ~ A x P , G/H ~ D, A finitely generated abelian, P adic, D Artinian 
(so G is totally disconnected) ; 

(2) H ~ P , G/H ~ T x D, P adic, T torus, D Artinian (so G is elliptic). 

In |CGPab] . the study was pursued to a Cantor-Bendixson analysis of S{G), 
when G is a countable discrete abelian group, leading to the determination of 
the homeomorphism type of S(G). It would be interesting to generalize this to 
second countable, totally disconnected locally compact abelian groups. Among 
those groups, those for which this question is nontrivial have a very special form: 
they have to lie in an exact sequence 



with A, P, D as in Theorem I1.7H1T] ). since otherwise if G is not of this form, by 
the same theorem, S(G) has no isolated point and therefore is a Cantor space. 



Acknowledgements. I thank P. de la Harpe, B. Kloeckner and R. Tessera for 
useful comments. 

2. Preliminaries 
This section recalls definitions and basic results used throughout the paper. 
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2.1. The Chabauty topology. Recall that if X is a locally compact space, we 
denote by F{X) the set of closed subsets of X. This set has several natural 
topologies. The one of interest for us is called the compact topology, and is 
compact Hausdorff. It appears in an exercise by Bourbaki |BouIl Chap. 8, §5] and 
was reintroduced by Narens [Nar] in the context and language of non-standard 
analysis and its description in standard terms was then provided by Wattenberg 
(Wat]. Given a compact subset K C X and open subsets Ui, . . . , C/& C X, define 



these set form the basis of the compact topology on ^(X). 

The reader can prove as a simple exercise the following characterization of 
converging nets in ^(X). 

Lemma 2.1. For a net (i^) of closed subsets of X and F G F(X), we have 
equivalences 

• Fi — )■ F in the compact topology; 

• for every compact subset K and any open subsets U\, . . . ,Uk with FOK = 
and FnUj ^ for each j , we have eventually F^r\K = and FiHUj ^ 
for each j . 

• For every x G F and every neighbourhood V of x, we eventually have 
Fi PI V 7^ 0, and for every x G X — F there exists a neighbourhood V of x 
such that eventually Fi fl V = 0. 

From the latter characterization it is straightforward that if X = G is a locally 
compact group, then S(G) is closed in J-(X); in this specific case and under 
countability assumptions, this topology was introduced by Chabauty |Cha] . 

2.2. Dimension of topological spaces. We recall briefly several notions of 
dimension. For details see |HWj . Let X be a topological space. If U = (Ui)i e i 
an open covering of X, define its degree as 



and the topological dimension (or covering dimension) tdim(X) of X is defined 
as the smallest n such that every open covering of X can be refined to an open 
covering with degree < n + 1 (by convention tdim(0) = — 1). This dimension is 
well-behaved in many respects, for instance tdim(R n ) = n. 

The inductive dimension indim(X) of a topological space X is defined induc- 
tively as follows: indim(X) = — 1 if and only if X = 0; otherwise indim(X) < n 
if and only if every x G X has a basis of closed neighbourhoods (V£) such that 
for each i the boundary of Vi has inductive dimension < n — 1. 

These dimensions are related. Let us state, for later reference 



tt(K; U u . . . , U k ) = {F G F{X) : F H K = 0; Vi, F D U { ^ 0}; 



deg(W) = sup In: 3 J C I, # J = n, 




Proposition 2.2. 
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(1) By a theorem of Urysohn (see |HW] ). if X is a separable metrizable space, 
then indim(X) = tdim(X). This applies in particular to X = S(G) when 
G is a second countable locally compact group. 

(2) By a theorem of Pasynkov |Pas] . if G is a locally compact group, then 
indim(X) = tdim(X) . 

(3) A theorem of Aleksandrov (see \lsb\ ) states that if is any compact Haus- 
dorff space then tdim(X) < indim(X); this is an equality when X is 
metrizable by (QJ) but not for general compact Hausdorff spaces |Vop] . 

(4) The topological dimension of an inverse limit of Hausdorff compact spaces 
of topological dimension < k is also < k [Katj . 

2.3. Subclasses of groups. Recall that, for n > 2, the Priifer group C n oo is 
defined as the inductive limit of the groups C n k = Z/n k Z; in particular C n oo ~ 
Z[l/n]/Z and is the direct product of C p k where p ranges over distinct prime 
divisors of n. Similarly, the ring Z n of n-adic numbers is defined as the projective 
limit of the groups Z/n fc Z and is the product of Z p where p ranges over distinct 
prime divisors of n. Also, Q n denotes the product of p-adic fields Q p when p 
ranges over distinct divisor of n, and we call a group local if it is isomorphic to a 
finite direct product of Q p (distinct or not). 

Recall that a discrete abelian group is artinian if it satisfies the descending 
condition on subgroups (no infinite decreasing chain), or equivalently is a finite 
direct product of Priifer groups and finite groups. We say here that a locally 
compact group is adic if it is a finite direct product of finite groups and groups 
of the form Z n for some (non-fixed) n. 

We call torus a group of the form R fc /Z fe . 

2.4. On Pontryagin duality. The following tables shows various groups or 
classes of locally compact abelian groups, in correspondence by Pontryagin dual- 
ity. See [Bou[ Chap. II. 2] for details. 



G 




R 


R 


Q P 


Q P 


Z/raZ 


Z/nZ 


Z 


R/Z 


Tip 





class C 


C v 


discrete 


compact 


Lie 


compactly generated 


totally disconnected 


elliptic 


connected 


torsion-free 


discrete torsion 


profinite 


discrete artinian 


adic 


discrete finitely generated 


torus-by-finite 
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2.5. The invariant R. Let G be a locally compact abelian group. Define 

R(G) = sup{/c| R fc is isomorphic to a direct factor of G}. 

The following result is contained in |Bout II. 2, Proposition 3(i)] 

Proposition 2.3. Every locally compact abelian group G is isomorphic to the 
direct product of R fc and a compact-by- discrete group. 

If G is a compactly generated Lie group, then it isomorphic to R fc x Z' x 
(R/Z) m x F with F finite and k,£,m non-negative integers. 

From this, we immediately derive the following results. 
Lemma 2.4. 

• If Gi is an open subgroup of Gi, then R[G\) = R{G2). 

• If K is a compact subgroup of G then R(G/K) = R(G). 

• For every locally compact abelian group, R(G) < oo. 

• We have R(G) = if and only if G is compact-by-discrete. 

2.6. On connected groups. 

Lemma 2.5. If a connected compact locally compact abelian group G is non- 
trivial, then it contains a nontrivial path. 

Proof. As G v is a non-trivial discrete torsion-free abelian group (see Paragraph 
12.4)) . we have Hom(G v , R) ^ 0. By Pontryagin duality, Hom(R, G) is non-trivial 
as well. In particular, G contains non-trivial paths. □ 

Lemma 2.6. Let D be a torsion-free discrete abelian group and Q a connected 
compact abelian group. If both D and Q are non-zero, then Hom(D, Q) is a 
non-trivial compact connected group. 

Proof. We have a non-zero element / in Hom(D, R) and by Pontryagin duality, 
we can find a non-zero g in Hom(R, Q) as well. By composing g by Xf for suitable 
A > 0, we get a non-trivial element in Hom(D, Q). 

As D is a direct limit of groups of the form Z fc , Hom(D,Q) is a projective 
limit of groups of the form Hom(Z fc , Q) = Q k which are compact and connected. 
Therefore Hom(D, Q) is compact and connected as well. □ 

2.7. Dimension of locally compact abelian groups. We deal here with the 
topological dimension because we need to use Proposition I2.2[H| ). but by fl2]) of 
the same proposition, it coincides for locally compact groups with the inductive 
dimension. The following lemma is a particular case of |Dix| Theorem 5] . Recall 
that all homomorphisms are assumed to be continuous. 

Lemma 2.7. If G is a locally compact abelian group, H a closed subgroup and 
f : H — > R a homomorphism, then f can be extended to a homomorphism 
G -> R. 



8 



YVES CORNULIER 



Proof. Let K be a compact subgroup of G such that G/K is a Lie group whose 
unit component is isomorphic to R fc . Working in G/K if necessary, we can 
suppose K = 0. Let H\ be the inverse image in G of the torsion mG/H. Then / 
has a unique extension to Hi, in restriction to HidGo this extension is continuous 
as it essentially consists in extending a homomorphism from R/ x Z m to R^ +m . 
So it is continuous. Now there exists a direct factor of HiHGq in Gq, so / extends 
to H + Gq, and finally by injectivity of the Z-module R, we can extend / to all 



Lemma 2.8. The following (possibly infinite) numbers are equal 

• The supremum of k such that there exists a homomorphism G — > R fc such 
that the closure of the image is cocompact 

• The supremum of k such that Z fc embeds discretely into G. 

Proof. Suppose that G — > R fc is a homomorphism whose image has cocompact 
closure. Then the image contains a basis, hence a lattice, which lifts to a discrete 
subgroup of G isomorphic to Z fc . 

Suppose that Z k embeds discretely into G. Consider the embedding of Z h 
in R fe as a lattice. By Lemma 12.71 this can be extended to a homomorphism 
G — > R fc whose image has cocompact closure. □ 

Lemma 2.9. The following (possibly infinite) numbers are equal 

• The topological dimension tdim(G); 

• The supremum of k such that there exists a homomorphism R fe — > G with 
discrete kernel; 

• The supremum of k such that (R/Z) fe is a quotient of G. 

Proof. Denote by a, b, c the corresponding numbers. By Lemma I2TB1 and Pontrya- 
gin duality, b = c. Clearly a > b. 

Let us prove a < c. The three numbers are invariant if we replace G by an open 
subgroup, so we suppose G/G compact. Therefore we can write G = H £ x K 
with K compact, and we write K as a filtering projective limit of compact Lie 
groups Ki. If c = c(G) = k + £ < oo, then c{K/) < k for all i, so Ki is a compact 
Lie group of dimension at most k, hence of topological dimension at most k. 
By Proposition I2.2I (H|). K has dimension at most k, so G has dimension at most 



By Pontryagin duality again, we get 

Corollary 2.10. The numbers in Lemma HOI are also equal to the topological 
dimension of G y . 

We will also need the following lemma. 

Lemma 2.11. Let G be a locally compact abelian group and k = R(G). There 
exist abstract sets I, J, a compact subgroup K in G and an open subgroup H 
containing K , such that 



of G. 



□ 



k + £. 



□ 
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• H/K is isomorphic to x (R/Z) J x ~R k , 

• dim(G) = dim(H/K) = k + #I, and 

• dim(G v ) = dim((#/L) v ) = k + #J. 

(Here the cardinal of an infinite set is just oo.) 

Proof. In view of Proposition 12.31 we can suppose G has a compact open sub- 
group M. Consider a maximal free subgroup H/M in the discrete group G/M. 
Obviously dim(G) = dim(H), and since G/M is torsion, it follows from Corollary 
12. 101 that dim(G v ) = dim(if v ). Apply this to find, by duality, a closed group K 
of M such that (M/K) v is maximal free abelian, so dim(H) = dim(H/K) and 
dim(H v ) = dim((if/ K) v ). Now M/K is connected, hence divisible, and open in 
H/K, so has a direct factor. So H/K is isomorphic to x (R/Z) J for some 
sets /, J. □ 

3. Pontryagin-Chabauty duality 

Theorem II .H is stated in [Pro], and the short and elementary proof given therein 
consists in a reduction to the case of a Euclidean space, but the latter case is 
considered there as "easily verified". Also, continuity of the orthogonal map in 
iS(R d ) is asserted in |Klot Section 2.4]. We here give a detailed proof of this 
not-so-obvious fact. 

Theorem 3.1. Let V be a finite- dimensional real vector space. The orthogonal 
map S(V) — > S(V V ), is a homeomorphism. 

We need a few preliminary results. 

Lemma 3.2. Let W be a closed subgroup of V and F a lattice in W . Let iW n ) 
be a sequence of closed subgroups of V such that W n — > W . Then there exists 
A n e GL(V) with A n -» 1 and T c A n W n . 

Proof. We can suppose V = R d with canonical basis (ei, . . . ), W = R fe x Tl x 

{o} d - k - £ , r = z k+e x {o} d - k ~ e . 

We can pick, for i < k + £, e^ G W n so that ef^ — > for all i. Consider 
the linear map B n mapping each to ef 1 ^ (agree e/f 1 = for i > k +£). Then 
B n — y 1, so eventually B n has an inverse A n , and F C A n W n . □ 

When V is a finite-dimensional real vector space, there is a canonical identi- 
fication between V y and the dual V*. Then if W a closed subgroup of V, W k 
corresponds under this identification to 

{L G V*\iv G W,(v,L) G Z}, 

which is known, when W is a lattice, as the dual lattice. If A G GL(V), then it 
is immediate that (AW) X = A f W x , where A f G GL(V*) is the adjoint map of A. 

Lemma 3.3. Let W be a closed subgroup of V and F a lattice in W . Let W n 
be a sequence of closed subgroups of V such that W n — > W . Suppose that W n 
eventually contains F. Then W n fl W° — > W° (the unit component ofW). 
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Proof. Let w £ W°. Then there exists a sequence w n £ W n with — >■ iy. 
Set R = d{W°,W - W°). We can suppose d{w n ,W°) < 2R/3 for all n. If 
w n ^ VT for infinitely many n's, we can find a positive integer m n such that 
d(m n w n , W°) = m n d(w n , Wo) £ [R/3, 2R/3}. Now we can find 7„ £ T such that 
the sequence (m n w n — j n ) is bounded. By assumption it belongs to W n , and 
d(m n w n — 7„, W°) £ [-R/3, 2i?/3] . So it has a cluster value x with c/(x, W°) £ 
[-R/3, 2i2/3], so x W, but W n ^W forces x eW, a contradiction, i.e. u> n £ W° 
for large n. □ 

Proposition 3.4. There exists a constant with the following property. When- 
ever r is a discrete subgroup of R d with shortest vector of length > R, then T v 
is e-dense, with e = Cd/R. 

Proof. We can embed T in a lattice having the same shortest vector. This reduces 
to the classical case of lattices, due to Mahler |Mah] (an elementary approach 
provides Cd with an exponential upper bound with respect to d; nevertheless a 
linear bound on Cd can be obtained [Ban]). □ 

Proof of Theorem CO We identify V = R d . Suppose H n tends to H = R k xZ e x 
{0} m (k + l + m = d) and let us prove that H% tends to {0} fe xZ'x R m . Taking 
subsequences if necessary, we can suppose these sequences converge. Clearly 
the limit W of is "R/Z-orthogonal" to H and therefore W is contained in 
{0} k x 7} x R m . 

In view of Lemma I3T2"| we can suppose that H n contains Z k+e x {0} m . (Indeed, 
(A n H n ) tends to H and (A n H n ) v = (A^)~ l tends to W .) We then claim 
that the orthogonal projection of H n onto {0} k+e x R m is a discrete subgroup 
r„ of systole (shortest vector) — > oo. Indeed, if H n contains an element of the 
form (x n , y n , z n ) with (z n ) bounded and nonzero for infinitely many n's, we can 
first multiply these elements by integers so that ||z n || > 1 for infinitely many n's, 
and then by translating by elements of Z k+e x {0} m , which is contained in H n 
by assumption, we can suppose x n and y n are bounded. Then at the limit, we 
obtain in H an element whose third coordinate is nonzero, a contradiction. Thus 
H n C R fc x Z £ x T n , and the systole of T n tends to infinity. So 

K D {0} k x Z e x Tl 

By Proposition E2Q tends to R m . So W D {0} k x Z e x R m and we are 
done. □ 

Proof of Theorem \l.l[ It is explained in |Pro] how Theorem 13.11 implies Theorem 
II. 1( we do not repeat the full argument here, but the reader can complete the 
proof as follows: 

• Show that the class C of locally compact abelian groups G for which the 
orthogonal map S{G) —> S(G V ) is continuous, is stable under taking 

— closed subgroups; 

— Pontryagin dual; 
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— direct limits (namely if every open compactly generated subgroup of 
G is in C then G is in C). 
• Check that the smallest class of (isomorphism classes of) locally com- 
pact abelian groups containing R d for all d and closed under the three 
operations above is the class of all locally compact abelian groups. □ 

4. Isolated points 

In this section, we prove Theorem 11.71 

Lemma 4.1. The subgroup {0} is isolated in S(G) if and only if G ~ T x D, 
with T ~ (R/Z) fc a torus, and D discrete Artinian. 

Proof. Suppose {0} isolated. Then G does not contain any discrete copy of Z, 
so is elliptic. Let U be a compact open subgroup. Then {0} is isolated in S(U), 
so U v is isolated in S(U V ). As U y is discrete, this means that U y is finitely 
generated (see |CGP] ). so replacing U by a finite index subgroup, we can suppose 
that U is a torus. As U is open and divisible, it has a direct factor D in G, which 
is discrete. As {0} is isolated in S(D) as well, we deduce from |CGPt Lemma 4.1] 
that D is Artinian. 

Conversely, let us assume that T is a torus, D is Artinian, G = T x D, and let 
us prove that {0} is isolated in S(G). If D is finite, then the Pontryagin dual is 
a finitely generated abelian group, so G y is isolated in S(G V ), so {0} is isolated 
in S(G). In general, if -D prime is the subgroup of D generated by elements of 
prime order, it is easy to check that T x D primc — {0} is a discriminating subset of 
T x D, that is, every non-trivial subgroup of T x D has non-trivial intersection 
with T x -Dprime- Therefore since D prime is finite, this reduces to the case when D 
is finite and we are done. □ 

We say that a group is adic if it is isomorphic to a finite direct product Yli ■ 

Lemma 4.2. The subgroup G is isolated in S(G) if and only if G ~ Ax P, with 
A a finitely generated abelian group, and P an adic group. 

Proof. Follows from Lemma 14.11 by Pontryagin-Chabauty duality. □ 

In the discrete setting, a necessary and sufficient condition for a subgroup H to 
be isolated in S(G) is that H be isolated in S(H) and {0} be isolated in S(G/H). 
In the locally compact setting, this does not hold any longer, although there is 
essentially a unique obstruction, given by the following lemma. 

Lemma 4.3. The subgroup Z x {0} is not isolated in <S(Z x R/Z). 

Proof. It is part of the continuous family of subgroups ((1, t)) for t G R/Z. □ 

Proof of Theorem 11.71 Suppose that H is isolated. So H is isolated in S(H) 
and {0} is isolated in S(G/H). By Lemmas 14.11 and 14.21 we deduce that H ~ 
A x P, G/H ~TxD, with A finitely generated abelian, P adic, T torus, D 
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Artinian. Assume that simultaneously A is infinite and T is non-trivial. Then 
we can embed «S(Z x R/Z) into S(G), mapping Z to if. But Z is not isolated in 
«S(Z x R/Z) by Lemma [4. 3[ so if is not isolated. 

Conversely, assume that H~AxP,G/H~D,A finitely generated abelian, 
P adic, D Artinian. Suppose L is close enough to H. As if is clopen, this means 
that LdH is close to if, and as if is isolated in S(H) by Lemma H~2| this implies 
that L contains if. Now using that {0} is isolated in S(G/H), we deduce that 
L = if, so if is isolated. The second case is equivalent by Pontryagin-Chabauty 
duality. □ 



5. Some natural maps 

Let G be a locally compact abelian group. If Q is an open subgroup, then the 
map S(G) — > «S(0) mapping H to H fl is obviously continuous and surjective, 
and we refer to it as the natural map zq : S(G) — > S(Q). 

By duality, if K is a compact subgroup, then the projection map p% : S(G) h-> 
S{G/K) mapping if to (if + K)/K, is continuous and surjective. (When £7 is 
not open or fT non-compact, these maps often fail to be continuous, see |PT] for 
a discussion.) 

Note that if K C £1, the maps zq and px commute in an obvious way, and 
the composition map pn t x : S(G) — >■ S(Q/K) maps if to ((if + if) fl Q)/K — 
{{HnQ)+K)/K. 

If fT' C if C Q C J)', then obviously 

Pn,_ftT — Pn/K>,K/K> ° Pn',K'y 

where we write for in order to mention G. Therefore, if we have a net 
(Ki, Qi), filtering in the sense that if j > % then Kj C ^ C fi; C Qj, we obtain 
a natural map 

This map has dense image, hence is surjective. It is injective provided f] Ki = {0} 
and [jQi = G, in which case it is a homeomorphism. 

We can play another game with these maps. Consider the diagonal map 

i n xp K :S(G)^S(Q)xS(G/K). 

This map need not be surjective. It is interesting because its fibers have a very 
special form. 

Proposition 5.1. Let G be a locally compact abelian group, K a compact sub- 
group, Q an open subgroup containing K . Consider the map 



S(G) -> S(fi) x S(G/K) 
H ^ (HnQ,(H + K)/K) 
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as above. Then the fiber of (R,M/K) is either empty, or homeomorphic to the 
compact group 

Hom((M + Q)/Q, K/(K n R)) 
(in particular it is homogeneous). 

Proof. If H fl Q = R is assumed, then obviously H + K = M is equivalent 
to H + K + R = M. So we can suppose that R = without changing the 
statement. Also, we can suppose that M = G. So we have to prove that the 
set J 7 of subgroups H with H D £1 = {0} and H + K = G is either empty or 
homeomorphic to Hom(G/f2, K). Suppose there is at least one such group L. 
Then since ifcOwe get G = V © K = V © Q, so X = Q (in the original group 
this means that QdM = K+R when the fiber is non-empty) and V is isomorphic 
to G/Q. We see that H G J 7 if and only if it is the graph of a homomorphism 
V — > K. So J 7 is homeomorphic to Hom(G/f^, K). □ 

6. Groups with R = 0: study of connected components 

In this section and the next one, we study connectedness of <S(G). The study 
of path-connectedness and local connectedness of G itself was done by Dixmier 
|Dix] and seems to be, to a large extent, fairly unrelated. 

Lemma 6.1. Let G be a locally compact abelian group. If G is either discrete or 
compact, then S(G) is totally disconnected. 

Proof. If G is discrete, then S (G) is a closed subset of 2 G and is therefore totally 
disconnected. By duality, we deduce the same result if G is compact. □ 

Proposition 6.2. If R(G) = and G is infinite, then S(G) has infinitely many 
connected components. 

Proof. If G is discrete, then S(G) is totally disconnected and infinite and we are 
done. 

Assume G non-discrete. By Lemma [2~4| there exists a compact open subgroup 
M in G. The obvious map S(G) — > S(M) is continuous and surjective. Since M 
is compact and infinite, its Pontryagin dual is discrete and infinite (see Paragraph 
I2.4p . so S(M V ) is infinite and totally disconnected, and is homeomorphic to S(M) 
by Pontryagin-Chabauty duality (Theorem II .ip . □ 

Lemma 6.3. Suppose that G is either elliptic, or totally disconnected. Then 
S(G) is totally disconnected. 

Proof. Let K be a compact open subgroup. Proposition 15 . 1 I provides a continuous 
map from S(G) to S(K) x S(G/K), which is totally disconnected by Lemma IfTTl 
Therefore any connected subset of S(G) is contained in a fiber of this map, and by 
Proposition 15.11 again, any such nonempty fiber is homeomorphic to Hom(D,Q) 
for some subgroup D of G/K and some quotient Q of K. If G is totally dis- 
connected, so is Q, and therefore Hom(D, Q) is totally disconnected, so S{G) is 
totally disconnected. By duality, the same conclusion holds if G is elliptic. □ 
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Let Eq denote the elliptic subgroup of a locally compact abelian group G. 

Theorem 6.4. Let G be a locally compact abelian group with R(G) = 0. For any 
H G S(G), set N = H + Gq and L = H fl Eg- Then the connected component of 
H in S(G) consists of the subgroups H' such that H' + M = N and H'HEg = N, 
and is homeomorphic to the compact group 

Hom((iV + E G )/ E G , G /(G n L)). 

Proof. Set K = G , Q = E G . Since R(G) = 0, K is compact and fl is open, so 
we can apply Proposition 15.11 to get a map to £g x S(G/G ) whose fibers have 
the desired form. By Lemma E31 the target space S(E G ) x S(G/G ) is totally 
disconnected, and by Lemma [2.61 the fibers are connected. □ 

Corollary 6.5. Let G be a locally compact abelian group. Equivalences: 

• S(G) is totally disconnected; 

• G is either elliptic or totally disconnected. 

Proof. The reverse implication is Lemma T6.31 Conversely assume S(G) is totally 
disconnected. It is trivial (and a particular case of several already proved results) 
that this implies R(G) = 0. Since G is not elliptic, it contains a closed subgroup H 
isomorphic to Z. Applying Theorem 16.41 we obtain that the connected component 
of H in S(G) is homeomorphic to Go, therefore is not reduced to a point since G 
is not totally disconnected. □ 

Definition 6.6. A point a; of a topological space X is 

• path-rigid if its path-connected component is reduced to {x}; 

• rigid if its connected component is reduced to {x}. 

Plainly, rigid implies path-rigid. If {x} is an intersection of clopen subsets, then 
x is rigid; the converse holds when X is compact, by [BouTl II. 4. 4, Proposition 6]. 

Let us denote by D t{ the quotient of the discrete group D by its torsion sub- 
group. 

Corollary 6.7. Equivalences: 

(i) H is rigid in S(G); 

(ii) H is path-rigid in S(G); 

(iii) R(G) = 0, and either H is elliptic or G/H is totally disconnected. 

Proof. (i)=^(ii) is trivial. 

(ii)=^(i) By the theorem, the connected component of H is homeomorphic to 
a compact group. So we can apply Lemma 1275"! 

(i)=^(iii). R(G) = follows from Proposition 17.21 Suppose that H is not 
elliptic and G/H is not totally disconnected. This implies that N/M is not 
torsion and that Mj L is not totally disconnected. By Lemma 12.61 the connected 
group Hom((iVyM)tf, (M/L)q) is non-trivial, and the theorem allows to conclude. 
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(iii)=^(i). If H is elliptic, then N/M is torsion; if G/H is totally disconnected, 
then M/L as well; in both cases Hom((iV/M) t f, (M/L) ) is trivial, and the theo- 
rem again allows to conclude. □ 

We now give a structure result for locally compact abelian groups for which 
7To(<S(G)) is countable, or equivalently scattered. We first recall the following 
classical proposition, which has reappeared several times in the literature. 

Proposition 6.8. Let G be a locally compact abelian group. 

(1) IfGis discrete, thenS(G) is countable if and only ifG lies in an extension 

l^Z^G^A^l, 

where Z is a finitely generated abelian group, and A ~ C m oo for some 
m > 1. 

(2) IfG is compact, thenS{G) is countable if and only ifG lies in an extension 

1->P->G->T->1, 
where T is a compact Lie group and P ~ Z m for some m > 1. 

Note that in the statement above, m is not assumed prime. As far as we know 
(1) was first proved by Boyer |Boy| and (2) immediately follows by Pontryagin 
duality. 

Theorem 6.9. Let G be a compact-by- discrete locally compact abelian group. 
Equivalences: 

(a) 7r (5(G)) is scattered. 

(b) n (S(G)) is countable. 

(c) G has a compact open subgroup M such that S(M) and S(G/M) are 
countable, and one of the following condition holds 

(1) M is finite; 

(2) G/M is finite; 

(3) M is profinite and G/M is torsion; 

(4) M is virtually connected and G/M has finite torsion. 

(d) One of the following condition holds 

(1') G is discrete with countably many subgroups (see Proposition 1 6. 8\) ; 
(2') G is compact with countably many subgroups (dual to the previous 
case); 

(3') G = Qe x Z m x C ra oo x F, where F is finite, £,m,n > 1, I is prime 
with mn. 

(4') G = K x D x F with D torsion-free discrete, K compact connected, 
F finite, and S(D) and S(K) are countable. 

Note that in Cases (1),(2),(3), <S(G) is countable itself. In (4), S(G) is not 
totally disconnected unless G is compact or discrete. 
We need some preliminary lemmas. 
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Lemma 6.10. Let G be a locally compact abelian group with a compact open 
subgroup M. Suppose that G is divisible and torsion-free. Assume that M is adic 
and G/M is discrete artinian. Then G is local. 

Proof. Let S be the (finite) set of primes occurring in the canonical decomposition 
of M. Since this decomposition is canonical, it does not depend on M and 
it follows that G also inherits such a decomposition. Hence we can reduce to 
the case when S = {p}. So M is isomorphic to Z™ for some m. So we have 
a continuous embedding q : M — > Q™ Denote by i the inclusion of M into 
G. Since G is divisible as an abstract abelian group, there exists an abstract 
homomorphism / : Q™ such that / o q — i. Since the restriction of / to the open 
subgroup q(M) = Z™ is continuous, / is continuous as well. The kernel of / 
has trivial intersection with Z™, hence is trivial, that is, / is injective. Besides, 
the image /(Q™) contains M, hence is open, and is divisible. So it has a direct 
factor T in G, necessarily discrete. Now T is torsion-free as a subgroup of G, and 
artinian as a subgroup of G/M. So T = {0}. □ 

Lemma 6.11. Let G be a locally compact abelian group with a compact open 
subgroup M. Assume that M is adic and G/M is discrete artinian. Then we can 
write GasQxZxDxF with Q local, Z torsion-free adic, D discrete artinian, 
and F finite. 

Proof. We can suppose that M is torsion-free. Let T be the torsion subgroup 
in G. Since T D M = {0}, we know that T is a discrete subgroup. Moreover T 
embeds into G/M, so T is Artinian. Let S be the divisible part of T, which has 
finite index in T. Since Td n M = {0}, D has a direct factor G\ in G containing 
M. Working similarly in the Pontryagin dual of G\, we write G = Z x D x G 2 
where Z is torsion- free adic, and both G 2 and its Pontryagin dual have finite 
torsion. Since the Pontryagin dual of Gi has finite torsion, the index [G 2 : nG^ 
is bounded independently of n. So the divisible part f) n n\G 2 of G 2 has finite 
index and we can write G 2 = F x G3 with F finite, G3 divisible and torsion-free 
(and satisfying the hypotheses of the lemma). We have G = ZxDxFx G 3 . 
By Lemma |6.10[ G3 is local. □ 

Proof of Theorem \6.9l • (b)=^(a) is clear. 

• (c)=^(b). First note that the result is clear if (1) or (2) holds, since then 
S(G) is countable. 

Consider the natural map S(G) — > S(M) x S(G/M). By Proposition 
15.1^ each non-empty fiber is of the form Hom(iV, Q) with N < G/M and 
Q < M. If (3) holds, then Q has finite torsion Q t and the divisible part 
Nd of N has finite index, so Hom(iV, Q) = Hom(A^/iVrf, Q t ) is finite. So 
the fibers are finite and S(G) is countable. 

• (a)=^(c). Suppose that 7r (iS(G)) is scattered. Then ttq(S(M)) and 7Tq(S(G/M)) 
are scattered as well, hence countable (Lemma 16. ip . Moreover, for every 
fiber J 7 of the natural map to S(M) x S{G/M), we have ^(J 7 ) scattered. 
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By Proposition 15.11 these fibers are homeomorphic to compact groups, so 
they have finitely many components. Therefore for every closed subgroups 
0<L<M<iV<G, we have Hom(iV/M, M/L) virtually connected. 

— Suppose Z embeds into G/M. Then taking N such that N/M ~ Z, 
we have Hom(iV/M, M) = M virtually connected. 

— In a dual way, if M is not profinite, that is, if Z does not embed into 
M v , then (G/M) y is virtually connected, that is, G/M has finite 
torsion. 

Therefore one of the following holds 

— M is finite (Case (1)) 

— M is infinite. 

* G/M is not torsion. Then M is virtually connected; as it is 
infinite, it is not profinite, and hence G/M has finite torsion. 
This is Case (4). 

* G/M is torsion. We again discuss. 

• M v is not torsion. Then (G/M) y is virtually connected, 
so G/M has finite torsion, so is finite (Case (2)). 

• M v is torsion, so M is profinite (Case (3)). 

• (c)=>(d). Under the assumption that S(M) and S(G/M) are countable, 
let us prove (i)=^(i') for i = 1 ... 4. For i — 1,2 there is nothing to prove. 

Suppose (4). We can suppose that M is connected. Hence it is divisible, 
so has a direct factor H in G. Then H is discrete and finite-by- (torsion- 
free). So H v is connected-by- finite, and again the connected component, 
by the same argument, has a direct factor. This means that H is the 
direct product of a finite group by a torsion-free group. 

Suppose (3). Since G/M is discrete torsion and S{G/M) is countable, 
G/M is artinian of the form C n °o x F\ with Fi finite and n square-free 
[Boy]. Dually, G/M is adic of the form Z m x F 2 with F 2 finite and m 
square-free. By Lemma 16.111 we can write G = QxZxDxF with Q 
local, Z torsion-free adic, D discrete artinian, and F finite. Because of 
the special form of M and G/M, We can write Q, Z and D in the desired 
form. □ 



7. Connectedness when R>1 

Lemma 7.1. Consider a group G = R fc x H with k > 1, where the locally 
compact group H has a compact open subgroup (but need not be abelian). Let L 
be a closed subgroup of G. Denote by L\ the closure of the projection of ' L on H. 
We consider the automorphism t\(x, h) = (Ax, h). Consider the path t\-i(L) for 
A G [1, +oo[. Then for some vector subspace W of~R, k , t\-i{L) tends to W x L\ 
when A — > +oo. 

Proof. Let M denote any accumulation point of (t\-i(L)). It is straightforward 
that {0} x Li C M C R x L x . 
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Let us begin by the case when H is compact. Let W be the vector space 
generated by the projection of L on R fc . Obviously M C W x L\. Take v G W 
and Xi — > +00. Then XiV is at bounded distance, say < r, of some element in 
the projection of L. That is, we can find (wi,hi) in L with \\wi — Xiv\\ < r. 
So \\X^ Wi — v\\ —> 0. So r x -i(wi, hi) accumulates to (v , h) for some h G Li, by 
compactness of H. Therefore, since we know that {0} x L\ is contained in M, 
we deduce that (v, 0) is contained in M. Since v is arbitrary, M = W x Li. 

In general, if has a compact open subgroup K, and by the above, if W is 
the vector space generated by the projection of L PI (R fc x if) on R fc , then we 
obtain that r A -i(L) n (R fc x K) -»■ W x (L x n if). As M has to be of the form 
F x Li for some closed subgroup F, we deduce that F = W and r A -i(L) tends 
to W x Li. □ 

Proposition 7.2. Lei G = R fc x H be a locally compact group, where H has a 
compact open subgroup. Let L be a closed subgroup of G and let L\ be the closure 
of the projection of L on H. Then the path- connected component of L in S(G) 
contains 5(R fc ) x {L{\. In particular, if k > 1, then L is not path-rigid (see 
Definition ^. 6\) . 

Proof. This follows from Lemma \7.1\ and path-connectedness of 5(R fc ) (which is 
an easy exercise). □ 

Consider a group G = R fc x H and L a closed subgroup of G. Denote by 
M the closure of the projection of L on H. We consider the automorphism 
T X (x, h) = (Ax, h). Consider the path t\-i(L) for A G [1, +00 [. 

Define a locally compact abelian group as circular if it is discrete and has an 
injective homomorphism into R/Z (for instance, R/Z with the discrete topology 
is circular). Define a locally compact abelian group G to be poly circular if it has 
a composition series 

{0} = G C Gi C ■ • • C G n = G 

such that each is circular, and metacircular if it can be written as R fc xif , 

where H has a compact open subgroup M such that both H/M and M v are 
polycircular. For instance, every compactly generated Lie group is metacircular. 
Also, Q p is metacircular, but the infinite direct product (Z/2Z) Z is not. 

Lemma 7.3. Let H denote a locally compact abelian group such that either H 
or H y is circular. In 5(R fe x H), if k > 1, we can join {0} x H to {0} by a path. 

Proof. It is enough to prove the lemma for k — 1, since then we can join R^ x H 
to R £_1 x H by a path and concatenate all those paths. 

• H has a continuous injection ip to R/Z. Consider in R/Z x H the graph 
of ip (upside down). Let L be its inverse image in R x H. On G = R x H, 
consider the automorphism t\(x, h) = (Ax, h). 

Consider the path T\(L) for A g]0, +00 [. Clearly, when A — > 0, it tends 
to R x H . When A tends to +00, we claim that it tends to {0}. Indeed 
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consider (A*) — > oo, and (tj, hi) — > (t, h) with (tj, hi) G r A . (L). This means 
that {\^Hi,hi) e L. So ^(^i) = A^ 1 ^ in R/Z. As -> (t, /i) and 

Afl -»■ 0, we have V(^) ^(A) and Af 1 ^ -»■ 0. So ^(/i) = in R/Z. By 
injectivity of ip, we deduce that h = 0. We obtain that in restriction to 
the clopen subset R x (H — {0}), the path T\(L) tends to when A tends 
to +oo. In restriction to R x {0}, this is constantly {0}. So the claim is 
proved. 

• H v is discrete and injects into R/Z. By Pontryagin-Chabauty duality, it 
amounts to join R x {0} and R x H v in <S(R x H v ). Using connectedness 
of «S(R), we can join R x {0} and {(0,0)}, respectively {0} x H y and 
R x H y , so it is enough to join {(0, 0)} and {0} x H v , which was done in 
the previous case. □ 

Theorem 7.4. If R(G) > 1 then S(G) is connected. If moreover G = R fc x M 
and M is metacircular (e.g. if G is a compactly generated Lie group), then S(G) 
is path- connected. 

Proof. First assume that M is metacircular. Set G = R x H. 

In view of Proposition \7.2\ it is enough to show that every closed subgroup of 
the form {0} x M, can be joined to {0} by a path. We can find a composition 
series 

{0} — M < ■ ■ ■ < M n = M 

such that each M n /M n+ i is isomorphic to Z/dZ for some d = d(n) > 1, Z or 
R/Z. From Lemma \7.3\ we can join R x Mi to R x Mj_i by a path. Combining, 
we join RxM and R x {0}. This proves the second statement. 

The first statement is deduced by the projective limit argument. First assume 
that G is a Lie group. Then M is the projective limit of its open compactly 
generated subgroups M i: so S(G) is the projective limit of S(Tl k x d), which are 
compact and connected. So S(G) is connected. 

By Pontryagin duality, we deduce that S(G) is connected when G is any com- 
pactly generated locally compact abelian group with R(G) > 1 (see Paragraph 
12. 4p . We can reiterate a second time the projective limit argument to deduce 
that S(G) is connected for any locally compact abelian group with R> 1. □ 

From Theorem I7.4[ we see that S(G) can be path-connected even when G is 
not a compactly generated Lie group, for instance when G = H x D with D a 
discrete group with a injection into R/Z. However, path-connectedness may fail 
for some groups with R > 1, as the following example shows. 

Proposition 7.5. Let A be an infinite, discrete abelian group of uniform torsion. 
Then «S(R x A) is not path- connected. 

Proof. Consider the natural map p : <S(R X A) — > <S(R). Identifying AZ with 
A -1 , {0} with and R with oo, we can view p as a continuous map to [0, oo]. 
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In restriction to p -1 (]0, +00]), an easy compactness argument shows that the 
projection map w to S(A) is continuous. 

Besides, in restriction to p -1 ([0, +oo[), the intersection map w' to S(A) is 
continuous. Indeed if (Hi) tends to H, a priori Hi D A could tend to something 
smaller than H D A. But if (0, h) 6 Hf] A, it is approximable by elements (e$, /ij) 
of H^ so (dej, 0) belongs to H (where dA = 0); unless e« is eventually zero, this 
would imply that p(H) — > 00, contradiction. 

We claim that if Ao and A\ are subgroups of A, and if R x Aq and R x Ai can 
be joined by a path, then A Q and Ai are commensurable (the converse is an easy 
consequence of Theorem 17.41) . Consider a path 7 in «S(R x A) with 7(2) =RxAj 
(2 = 0,1). By compactness, we can find = t < ■ • • < t\ < • • • < % = 1 
such that each j([ti,t i+ i\) is contained in either p _1 (]0, +00]) or p _1 ([0, +oo[). In 
the first case, w(j(ti)) = w(j(ti + i) by continuity and connectedness, and because 
S(A) is totally disconnected. Similarly, in the second case, v/(y(ti)) = w'(-y(t i+ i). 
But w'(H) is a finite index subgroup of w(H) for any H, since any subquotient of 
R of uniform torsion is finite. Therefore in all cases, w(7(tj)) is commensurable 
to w(7(tj + i)). Accordingly w(t ) = A and w(tf-) = A\ are commensurable. □ 

8. Dimension 

In this section, we have to switch from inductive to topological dimension and 
vice versa (see the reminder in Paragraph 12.21) . depending on the tools available. 
The following lemma is Theorem VI. 7 in |HWj . 

Lemma 8.1. Let f be a closed map between separable metrizable spaces. If all 
fibers of f have dimension < b, then indim(X) < indim(y) + b. 

The following theorem is a corollary of Kloeckner's stratification |Klo] of 5(R d ). 

Theorem 8.2. 

indim(5(R d )) = d 2 . 

Proof. Since the set of lattices is an open <i 2 -dimensional manifold in iS(R d ), it 
is clear that indim( t S(R a! )) > d 2 . Also, 5(R d ) has a natural finite partition into 
GL,i(R)-orbits, each of which is a manifold of dimension < d 2 . However, it is 
not clear that this directly provides the desired inequality indim(5(R a! )) < d 2 . 
In |Klo] . Kloeckner proves that the above partition is a Goresky-MacPherson 
stratification, and it directly follows from the definition (which we do not re- 
call here) that every point in a n-dimensional Goresky-MacPherson stratified 
space has a system of neighbourhoods whose boundaries are (n — l)-dimensional 
Goresky-MacPherson stratified spaces; in particular the inductive dimension of 
an n-dimensional Goresky-MacPherson stratified space is < n. □ 

Definition 8.3. Let X be a locally compact space. Define indim 00 (A) as the 
dimension of the Alexandrov compactification of X at the point 00, that is, 

indim 00 (X) = sup(l + inf{indim<9L : L D K}), 
k L 
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where K, L range over compact subsets of G. 

Lemma 8.4. Let G be a metrizable locally compact abelian group. Then indim 00 (G') = 
if G is compact-by- discrete, and indim 00 (G) = indim(G) otherwise. 

Proof. The statement remains the same if we replace G by an open subgroup. 
Hence we can suppose G = R fe x K with K compact. Then the point at infinity 
has neighbourhoods with boundary of the form S xK, where S is a (k — l)-sphere. 
Observe that S x K has dimension < (k — 1) + indim(i^) if k > 1 and is empty 
if k = 0. So if k > 1, we get indim 00 (G) < k + indim(il") = indim(G), the latter 
equality using Lemma [2.9[ and if k = we get indim 00 (G) = 0. 

Conversely, denoting by D n the closed n-disc, we use the fact that as a con- 
sequence of Lemma 12. 9[ G contains a closed subset homeomorphic to R fc x D n 
for n = indim(i^) (or for any n if hidim^) = oo). So if k > 1, the Alexandrov 
compactification of G contains the Alexandrov compactification of R>o x jj n + k - 1 ^ 
which is a (k + n)-sphere passing through the point at infinity. So indim 00 (G') > 
indim(G). □ 

Lemma 8.5. Let G be a metrizable locally compact abelian group. Then 
indim(5(G x Z)) < indim(<S(G)) + indim(G). 

Proof. Consider the natural map S(G x Z) — > S(G). The fiber of H is home- 
omorphic to the set of partially defined homomorphisms Z — > G/H, which is 
homeomorphic to the Alexandrov compactification of G/H x Z>o- A point not at 
infinity in this space has dimension indim(G/iy). The point at infinity has a basis 
of neighbourhood given by the complements of K x F, for K compact in G/H 
and F finite in Z >0 , so if we restrict to K with indimi9.fr < indim 00 (G/if) — 1, we 
deduce that the dimension of the fiber is < max(indim(G/if ), indim 00 (G///)). 
By Lemma f8.lt we get 

indim(«S(G ! x Z)) < indim(<S(G)) + sup (max(indim(G r /fl'),indini 00 (G ! /fl'))). 

HeS(G) 

Now by Lemma [8.4[ indim 00 (G/iJ) < indim(G/H), and by Lemma [2.9[ 

indim(G/iJ) < indim(G) □. 

Theorem 8.6. The inductive, or topological, dimension ofS(R, k xZ e x (R/Z) m x 
F), for F finite, is (k + £)(k + m), and is achieved by a piece of manifold. 

Proof. Since 5(R fc xZ l x (R/Z)' m x F) is compact and metrizable, the two notions 
of dimension coincide (Proposition |2.2tlT| )) so we can work with the inductive 
dimension. 

First, we have to embed a (k + £)(k + m)-dimensional manifold into 5(R fc x 
Z e x (R/Z) m ). It will be convenient to rewrite the group as Z e x H k x (R/Z) m . 
We consider the action of the group of automorphisms of the form (x,y,z) i— > 
(x, Ay + Bx,z + Cx + Dy), where A G GL(R fc ), B e Hom(Z £ , R k ) ~ R ek , C E 
Rom{Z e , (R/Z) m ) ~ (R/ZY m , D e Hom(R fe , (R/Z) m ) ~ R km . Consider the 
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subgroup Z k+e : its stabilizer is discrete, so its orbit is (A; + £)(fc + m)-dimensional; 
this is the desired piece of manifold and provides the easy inequality. 

Conversely, to obtain that the inductive dimension is bounded as given, we 
first reduce the case from G x F to G. Each fiber of the map S(G x F) — > S(G) 
can be identified to the set of partial homomorphisms from F to some quotient of 
G, hence is finite. So by Lemma [8.14 we have indim(5(G x F)) < indim(«S((j)), 
the other inequality being trivial. 

By Lemma 18.51 we obtain by induction that 

indim(«S(R* x Z e )) < indim(5(R fc )) + kl. 

By duality, 

indim(S(R* x (R/Z) m )) < indim(5(R fc )) + km, 
and by a second induction, 

indim(S(R fe x Z e x (R/Z) m )) < indim(S(R fc )) + km + £(k + m), 
and finally by Theorem 18.21 

indim(S(R fc x Z e x (R/Z) m )) < (k + £){k + m). 

□ 

We can now state the general result (see Lemma 12.91 and Corollary 12.101 for 
interpretations of tdim(G) and tdim(G v )). 

Theorem 8.7. Let G be a locally compact abelian group. The topological dimen- 
sion of S(G) is given by 

tdim(S(G)) = tdim(G)tdim(G' v ), 

where Ooo = 00O = 0; in case this value is finite, it is achieved by a piece of 
manifold. 

Proof. For the inequality >, Lemma [2.111 reduces to G = Z^ x (R/Z) J x R fe . 
If J, J are finite, then by Theorem 18.61 we get a piece of n-manifold, where n = 
(k + #I)(k + #J). If (k + #I){k + #J) ^ and either / or J is infinite, the 
same argument allows to find pieces of manifolds of arbitrary large dimension. 

Let us prove <. If either tdim(G) or tdim(G v ) is zero, then G is totally 
disconnected, or elliptic, and then we know by Corollary 16.51 that S(G) is totally 
disconnected, so is zero-dimensional. 

We henceforth assume tdim(G)tdim(G v ) nonzero. If either tdim(G) or tdim(G v ) 
is infinite there is nothing to prove, so we suppose both finite and nonzero. 

In case G is a compactly generated Lie group, in view of Proposition 12.31 the 
result is given by Theorem 18.61 

First assume that G is a Lie group. Then in view of Corollary 12.101 G has an 
open, compactly generated subgroup M such that for every subgroup containg N, 
we have tdim(iV v ) = tdim(G v ). Now S(G) is the projective limit of S(N), when 
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iV ranges over subgroups containg M, which is of dimension tdim(G)tdim(G v ). 
By Proposition O0D, it follows that tdim(5(G)) < tdim((7)tdim(G v ). 

Now by duality, the result holds when G is a compactly generated locally 
compact abelian group. Repeating a second time the projective limit argument, 
we obtain the result for a general locally compact abelian group. □ 
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